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Abstract

Converting multistatic radar measurements into Cartesian estimates
of target position and velocity allows a linear Kalman filter, but the
accuracy of each estimate depends on the transmitted waveform and
on the geometry. Joint waveform and Cartesian estimate selection
has so far been studied for one transmitter and without clutter. We
extend it to several transmitters and to tracking in clutter. A new
Cartesian estimate is formed from the bistatic ranges of two
transmitters at one receiver, with a closed-form solution and an
unscented-transform covariance. In clutter, candidate estimates
formed from pairs of validated detections are combined by a
probabilistic data association (PDA) filter, and the selection cost
includes a clutter degradation factor computed by Monte Carlo
integration. Simulations with Gaussian linear frequency-modulated
(LFM) pulses show that a second transmitter reduces the position
root mean square error (RMSE) by about 20% without clutter,
mostly through its own channels; the new estimate adds about 1%
in position and 5% in velocity. With the first-order covariance,
10.5% of the tracks are lost. In clutter, the reduction over the tracks
kept is about 22% and 30% at the lowest and highest densities (200
runs) and 21% at the middle density (1000 runs), but when lost
tracks are counted through an error cutoff it is significant only at the
lowest density. The clutter factor reduces the position error by up to
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30%. Anunscented PDA filter on the raw measurements of the same
two channels, chosen by the proposed selection, is 11% to 34% more
accurate, which is the price of keeping a linear filter. A third
transmitter adds little, and error maps show that the placement of
the nodes matters strongly.

Keywords: multistatic radar; adaptive waveform selection;
Cartesian estimate; probabilistic data association; unscented
transform; target tracking.

o iRy Al ) padilly dluisal) dagall i) HLaaY)
bsall g suall 35ag B CDluye Bany adlgall aatia lall)

gl tana (S0 JABIL dgpaal) Gliaas®
Lad ¢l canall (3gu ey aslall lall agaall !
L) ¢ byl ¢lad) el jall 2l dgalsY) 2
*ramadanamharee@gmail.com

uadlall
Ay Cargl) adgal A5G el ) pdlsall aatia Jlahl Gluld Jasat iy
oy Asall dngd) o adian i IS A8 of e (i) GLIS miiye pladial
aaly dejal (Bl joaiilly dasall didall HLEAY) Gopd 8y dashaial) duia
CBlaya Bre Jadd &8)5l) 028 axiugig o(Clutter) cageyall ye gaall Gl g
eyl asal) S (gl T T \Son Ty 285l o5 - gcal) 3gmns  austlly
bl e Jisaill Aisunn i3 Asians sl 3lia das casly Qe 2ie
Loy e gy gl gl g3l G dndine sl (35 (sl 35n9 (A
DS crige JalSy sl a5 Jabe SLASYT AN ety ¢ Jlaa¥) bl
D3l ity Y el o 235 3 Tlas Alaea dusle ciliassy SSLaal el
Oo Gy oy srall Gl 8 %20 saiy adsall Uad auje Jacigial il
3 ety e pl) 8 %5 5 algall 8 %1 5 V) wand) il Chaay Y 3] el
S oRlaY) iy saall 3sag Ay - do¥) A i ae Sbludll (e %10.5

2 ISTJ — Volume 39-2 2 - 39 2aall - Al 5 o hell Al gall Alnall



http://www.doi.org/10.62341/istj-vol39-2-ra21

International Science and Volume 39 1) Ty el Tl Al

mtrraational heimers mad Terlasiags Jemraal

ﬁg‘;ﬁ;‘fiﬁi‘;‘;m‘ Part 2 sl I S TIJ %

Joint Waveform and Cartesian Estimate Selection for Multistatic
Target Tracking with Multiple Transmitters in Clutter
http://www.doi.org/10.62341/istj-vol39-2-ra21

(Lseis 200) Wlally Laal)l b€l xie %305 %22 sai sasiaall j2 iyl
Laal) 286 xie ) Ligina in Y 43S0 (Al 1000) Jaceshl 285SN xie %21
A b sl Jalae (miing Gy 393ae Uady 53g0aal) cilhlasall Cldial die
Gl Loy ce shaaall e LIS wdine Gsing %30 s adsd) aa jlasy]
Loty il gl Laajling ol Lo iliall A0 cilulall e sy
V) G Jayall Caacay Yy ‘.-FL; c_«l\)a uA:’ ;u.a}“ PSS %34 ‘_Al %11

2 88 55 kel adlse of Ladd) Tl s ¢ Jla)
¢Sl adl) cdagall Sl LEAY) ¢adloall daeia lall sdaalidall cilalsl)

calaa¥) g ¢ jlaaall e Jisatl ¢ Jlaa) i) by,

1. Introduction

A multistatic radar has transmitters and receivers at different sites.
Each transmitter—receiver pair forms a bistatic channel that
measures the bistatic range, the bistatic range rate and, with an
antenna array, the angle of arrival of the echo. The spatial diversity
of the channels improves coverage and accuracy, but the
measurements are nonlinear functions of the target state (Dhulashia
& Ritchie, 2024; Farina, 1986; Haimovich et al., 2008; Willis &
Griffiths, 2007). One way to handle this nonlinearity is to convert
measurements from two channels into an estimate of the target
position and velocity in Cartesian coordinates and pass this estimate
to a linear Kalman filter with an identity measurement matrix (Lerro
& Bar-Shalom, 1993; Nguyen et al., 2015a; Wang & Bao, 2021).
This conversion moves the nonlinearity out of the filter, but the
accuracy of the converted estimate then depends on the
measurements used, the geometry, and the transmitted waveform.
The waveform affects tracking because the range and range-rate
accuracy depend on it. Kershaw and Evans (1994) showed that the
waveform can be chosen at each scan to minimize the predicted
tracking error and later included clutter through the probabilistic
data association (PDA) filter (Kershaw & Evans, 1996, 1997). More
recent studies have chosen the waveform by online learning
(Thornton et al., 2022) or together with the transmit resources of
multistatic and networked radars (Shi et al., 2022; Wang et al.,
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2021). For multistatic radar, Nguyen et al. (2015b) selected the
waveform adaptively and proposed the joint selection of the
waveform and the Cartesian estimate for one transmitter (Nguyen &
Dogangay, 2019; Nguyen et al., 2015a). The authors’ earlier
conference paper followed this framework for a two-dimensional
system with one transmitter, three receivers and Gaussian linear
frequency-modulated (LFM) pulses, and reported the Cramér—Rao
lower bounds (CRLB) of three Cartesian estimates (Khalifa &
Abousetta, 2025). The present paper extends that conference paper,
which considered one transmitter without clutter; Sections 3.2, 4.2,
4.3 and 6, and the UT covariance in Section 3.3, are new.

These works leave three questions open. First, practical multistatic
systems often have several transmitters (Godrich et al., 2010;
Haimovich et al., 2008; Shi et al., 2022), but the joint selection has
been formulated for one. Nguyen and Dogancay (2019) studied
several transmitters for localization geometry, and later work
examined sensor placement and receiver selection (Liang et al.,
2021; Zhu et al., 2021), but not estimate selection in tracking.
Second, selection with Cartesian estimates assumes that every
measurement comes from the target, while clutter changes
waveform comparisons (Feng et al., 2024; Huang et al., 2024;
Kershaw & Evans, 1996, 1997). Third, the effect of radar-node
positions on selection has not been quantified.

Each scan in this paper uses one Cartesian estimate, and therefore
two bistatic channels, even when three transmitters and three
receivers give nine channels. This keeps the load on the fusion
centre independent of the number of nodes (Khalifa & Abousetta,
2025) and keeps the update linear. The price is that most channels
are unused in a given scan, so an extra transmitter only adds channel
pairs to choose from; this is why a third transmitter adds little
(Section 6.1). Since a nonlinear filter on the raw measurements
needs no conversion, Section 6 also compares the scheme with an
unscented PDA filter on the same two channels.

This paper addresses these questions. Its contributions are as
follows:

1. A Cartesian estimate that combines the bistatic ranges of two

transmitters at one receiver is introduced, with a closed-form
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solution and a rule for resolving its ambiguity. We compute its
covariance with the unscented transform (UT) and show that
the first-order covariance is inadequate.

2. The joint selection is extended to several transmitters and to
tracking in clutter. A nonparametric PDA filter combines
candidate estimates formed from pairs of validated detections,
and the selection cost includes a clutter degradation factor
computed by Monte Carlo integration.

3. The scheme is evaluated by Monte Carlo simulation with paired
statistical comparisons, against a nonlinear baseline and with an
error measure that counts lost tracks, and the effect of the
positions of a transmitter and of a receiver is mapped.

2. System Model
2.1 Geometry and Target Motion

The system has N; transmitters at known positions t; and N, = 3

receivers at known positions rj in two dimensions. Transmitter 1

and the three receivers are placed as in Khalifa and Abousetta
(2025): t; = [0,0]"km, r; = [20,0]"km, r, =[10,20]"km and
r; = [0,15]7km. Additional transmitters are placed at t, =
[20,20]"km and t; = [25,10]"km (Fig. 1).

20 4 Rx2 (10, 20)

- INT=2 (20, 20)

154 L

y (km)

T=x3 (25, 10
start {15, 10) km A3 )

Rx1 (20, O
[} ] A Tx1 (0, 0) e (20, 9

o s 10 15 20 25 30
x (km)

A transmitter of the published scenario @ receivers of the published scenario
A\ transmitters added in this paper target path over 100s

Fig. 1. Radar configuration and target path. Filled symbols: configuration
of Khalifa and Abousetta (2025); open triangles: transmitters added in
this paper.
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The transmitters use separable waveforms, and the nodes are
synchronized. The target state is Xy = [Xy, Vi, X, Vi T . It follows
the nearly constant-velocity model

X1 = FXp + Gwy, (1a)
L le] ~ [(TZ/Z) 12]
F_[o L|" ST 7y, (1b)

where T is the scan time and w;, ~ V' (0, 621,), so that Q = 62GG”
(Bar-Shalom et al., 2001).
2.2 Measurements and Waveform

Channel (i, j) provides the bistatic range, the bistatic range rate and
the angle of arrival at the receiver,

Rj=llp—t; Il +lip—rjl (2a)
. T

Rij=(ur;+ug,) v (2b)
0; = atanZ(y = Vrjr X — xr,j) (2¢)

where p and v are the target position and velocity, and ur; and ug ;
are unit vectors pointing to the target from the transmitter and from
the receiver. Each transmitter sends a Gaussian-envelope LFM
pulse defined by a pulse-length parameter A and a frequency sweep
F. For the chirp rate y = F/(2Ty) and the effective duration Ty =
7.4338 A, the CRLB on the delay and Doppler errors at a signal-to-
noise ratio (SNR) 7 is (Nguyen & Dogancay, 2019; Nguyen et al.,
2015b)

272 —4y2?

(3)

1
n|—ay22 +8y22

2m2)?
and the covariance of the range and range rate (Ri I R; j) is obtained
by multiplying the delay and Doppler terms by the speed of light ¢
and by c/f, respectively, where f, is the carrier frequency. Channel

2
(i,j) has the SNR 7;; = (Rg/(RT,l-RRJ)) (Khalifa & Abousetta,
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2025; Nguyen & Dogangay, 2019). Long pulses favour the range
rate at the expense of the range, and the off-diagonal term of (3)
makes the two errors strongly correlated. The angle error is zero-
mean Gaussian with variance o7 /1; ; and does not depend on the
waveform (Nguyen & Dogangay, 2019).

2.3 Detection and Clutter

The target is detected on each channel with probability Pp. False
detections follow a Poisson model and are uniform over the space
of the three measured values of each channel, with density p per
m-(m/s)-rad. This extends the model of Nguyen and Dogangay
(2019), which is uniform over range and range rate, to include the
angle. Detections of different channels and scans are independent.

3. Cartesian Estimates
3.1 Estimates with One Transmitter

A Cartesian estimate is built from four measurements of two
channels: two of them give the position, and the two range rates give
the velocity. With transmitter i and receivers j and [, three such
estimates are possible (Table 1; Khalifa & Abousetta, 2025; Nguyen
& Dogancay, 2019; Nguyen et al., 2015a). For y;, the position is the
point where the ellipse of R;; meets the line of sight 6;.

Using u = [cosﬂj,sinﬂj]T andd = r—t,
Rizj—ll d|?

Z(R” + dTU) " (4)

p=r1+

The estimate y, uses receiver [ in the same way, and y; is the
crossing point of the two lines of sight. For all three, the velocity is
found from the two range rates,

02B_1§Ul (5a)
il

(uT,l- + uR’j)T
(“T,i + uR,l)T
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evaluated at p. Three receivers form three receiver pairs, so each
transmitter offers nine estimates, as in the tracking example of
Nguyen and Dogancay (2019); Khalifa and Abousetta (2025)
reported the bounds for a single pair.

3.2 Estimate with Two Transmitters

With two transmitters i and i’, a fourth estimate y, uses the ranges
R;j and R;,; at the same receiver j, together with the two range rates

R; ;j and R;, ;- The two ellipses share the focus r; (Fig. 2(d)).

@y (b) y: (€ ys (d) ya

Rx2 Rx2 TX

Tx1 Rx1 Tx1l Rx1 Tx1

Fig. 2. The four types of Cartesian estimate: (a) range and angle at Rx1;
(b) range and angle at Rx2; (c) angles at Rx1 and Rx2; (d) ranges of two
transmitters at Rx1. Solid lines: constant-range ellipses; dashed lines:
measured directions; star: target.

Letq=p—r1j,d; =l qll and a; = t; — ;. Since the transmitter—
target distance is R;; — d;, squaring || q — a; = R;; — d; gives

alq=1/2(ll a; 1>~ R}) + Ry; d; (6)
which is linear in q. The equations of the two transmitters give

q = ¢+ f d;, with ¢ and f obtained by inverting the 2 X 2 matrix
A = [a;,a;]". Substituting into || q [I>= d7 gives

(fTf—1)d} +2c"fd;+c"c=0 (7)

A root is admissible if 0 < d; < min(Rij,Ri,j). If both roots are
admissible, the one closer to the predicted position is kept.
8 ISTJ — Volume 39-2 2 - 39 2aall - Al 5 o glall 20 gal) Al
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Combinations in which the two transmitters and the receiver are
collinear make A singular and are excluded. The velocity follows
from (5) with the unit vectors of transmitters i and i’. Unlike y; to
y3, the estimate y, needs no angle measurement.

Table 1. Cartesian estimates for transmitter i and receiver pair (j, 1),
or transmitters i, i’ and receiver j

Estimate Position from Velocity from Waveform-dependent
Vi Rij’ 9] Rl] Ril position, velocity
Y, Ril’ Hl R” Ril position, velocity
> > velocit
ys 6;.6, Rij. Ry Y
V4 (new) Rij’ Ri’j Rij’ Ri’j position, velocity

3.3 Covariance of the Estimates

Let C, be the covariance of the four measurements and H, the
matrix of their gradients with respect to the state. The usual first-
order covariance of an estimate is (Khalifa & Abousetta, 2025;
Nguyen et al., 2015a)

C, ~H;'C,H;" (8)

With single-scan range errors of the order of a kilometre and
strongly correlated range and range-rate errors, (8) can
underestimate the error of the conversion (Bordonaro et al., 2019;
Lerro & Bar-Shalom, 1993; Wang & Bao, 2021). The UT passes
2n + 1 sigma points through the exact conversion g (Asif et al.,
2023; Julier & Uhlmann, 2004),

n

CYT= > w, 8.8L, 8, =g(Z)-% (9a)

S=—n

Zos =120 % [\/ (n+ K)cz]s (9b)

withn=4,k=1, Zy =2y =h®), wy =x/(n+ k) and wis =
1/ (Z(n + K)), where [-]s is the sth column of a matrix square root.
The spread is taken about X = g(z,), so that a conversion bias is
included.
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The two covariances were compared for y,. At five positions along
the target path, for each receiver where y, was admissible and for
40 random pairs of waveforms, 3000 noisy measurement vectors
were converted and the normalized errors €' C; '€ were computed.
For a correct covariance, their median is 3.36. Over the 480 cases,
the median was 4.3 with (8) and 2.7 with (9), and the median
exceeded twice the correct value in 16% of the cases with (8) and in
1% with (9). The first-order covariance therefore tends to
underestimate the error of y,, while the UT is slightly conservative.
An estimate is offered to the selection only if, at the predicted state,
the two position curves cross at an angle of at least 30°, each range-
rate direction in (5) has a length of at least 0.7 (a bistatic angle below
about 140°), and the two range-rate directions cross at an angle of
at least 30°. These thresholds were set by trial. With 200 runs of S8
at p =3 x 107°, angle limits of 20° and 40° changed the position
RMSE over the runs kept by both settings by —0.1% (—0.4% to
0.2%) and 1.6% (—0.4% to 5.1%), and length limits of 0.6 and 0.8
by 0.0% (—0.1% to 0.2%) and —0.7% (—3.0% to 0.7%). Losses were
3.0%, 4.0%, 2.5% and 2.5%, against 2.5%; the extra losses with the
40° limit raise the cutoff error of Section 5 by 13.4% (0.5% to
40.4%). Moderate changes of the thresholds therefore have little
effect, although a stricter angle limit can cost some tracks.

4. Selection and Tracking

4.1 Selection without Clutter

With a Cartesian estimate as the measurement, the Kalman update
has H = I, the innovation covariance S = Py + C,, and the gain
K = Py1xS™". The estimate m and the waveforms {{s;} of the

transmitters it uses are selected as (Khalifa & Abousetta, 2025;
Nguyen et al., 2015a)

Jam, (i) = tr (Pl + € 0m (i) (10a)
(m", {W;}) =arg  min _J(m, {¥:3}) (10b)
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where M., is the set of admissible estimates, W the waveform
library, and i ranges over the transmitters used by estimate m. For
y; to y3 the search covers the waveforms of one transmitter; for y,
it covers all pairs of waveforms of two transmitters. Each estimate
uses exactly two channels, so only these channels report to the
fusion centre at each scan, whatever the number of transmitters.

4.2 Selection Cost in Clutter

With clutter, the update is a PDA update, whose expected
covariance is approximated by the modified Riccati equation (Bar-
Shalom et al., 2009; Kershaw & Evans, 1996; Nguyen & Dogancay,
2019),

-1
P="Peix — 9Perrc(Prsae + C)  Pryapk (11)

where the degradation factor g € (0,1] depends on Pp and on the
mean number u = pV of false detections in a gate of volume V.
Since an estimate is correct only if the detections of both its channels
are correct, its factor is approximated by the product of the channel
factors,

q(m, (W) = q.(Po, pV,) qc(Po, pVL,) (12a)
41 1
Vo= g° ISP (12b)

where S, is the innovation covariance of the three measurements of
channel ¢ and g is the gate threshold in standard deviations. The
waveform therefore affects the cost both through the accuracy of the
estimate and through the size of the gates (Kershaw & Evans, 1997).
The selection minimizes tr P instead of J in (10).

The approximation of Kershaw and Evans (1996) for g applies to
two-dimensional measurements. For three measurements, g, was
computed by Monte Carlo integration, as noted by Nguyen and
Dogancay (2019). In the whitened innovation space, the target
measurement is drawn inside the gate with probability P,P; and
Poisson false detections are spread uniformly in the gate; the PDA

11 ISTJ — Volume 39-2 2 - 39 2aall - Al 5 o hell Al gall Alnall
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weights ; and the combined innovation v are computed for each
draw (Bar-Shalom et al., 2009), and

1—[%—%(231 v 12 =1l v ||2>] (13)
l

The expectation was evaluated with 60000 draws at 26 values of u
between 0 and 20 and interpolated. For two measurements and P, =
0.9, the same computation agrees with the approximation of
Kershaw and Evans (1996) within about 0.015.

q=E

4.3 Tracking in Clutter

The detections of the two channels of the selected estimate are gated
with a gate of four standard deviations. Each pair of validated
detections, one from each channel, gives a candidate Cartesian
estimate. The candidates are gated in Cartesian coordinates with the
99.9% threshold g3 = 18.47 of the chi-square distribution with four
degrees of freedom. The M candidates that remain are combined by
a nonparametric PDA filter with H = I, in which the clutter density
is replaced by M /V,, (Bar-Shalom et al., 2009; Nguyen & Dogancay,
2019):

€ _
B = IS o e; = exp(—1/2v[{S71v) (14a)
n=1%*n
M 11— P, P
b=-[2nS|: %G'y (14b)
Y D,y

where V, = (2/2) g4|S|'/2, P;,, = 0.999 and Py, = (PpPg.)” is
the probability that both target detections are present and validated.
The state and covariance are updated with the standard PDA
equations (Bar-Shalom et al., 2009). If no candidate remains, the
track is predicted. Fig. 3 summarizes one scan.
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PDA update in
Cartesian coordinates |
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Candidate Cartesian
estimates from pairs |«
of validated detections

Detection and gating
on the two channels
of the estimate

Only the measurements of the two channels used by the selected estimate are processed at each scan.

Fig. 3. Processing at each scan.

5. Simulation Setup

Table 2 lists the parameters. The radar, waveform, target and angle
parameters follow Khalifa and Abousetta (2025). The library is a
grid of 25 waveforms covering the ranges of Khalifa and Abousetta
(2025). We ran each case 200 times, with 100 scans per run.

Table 2. Simulation parameters

Parameter

Value

Carrier frequency f,

12.5GHz

Pulse-length parameter 4

40, 50, 60, 70, 80us

Frequency sweep F

0.1,0.2,0.3,0.4, 0.5MHz

Fixed waveform

A =60us, F = 0.3MHz

Reference range R,; angle constant
Og

70km; 0.2rad

Initial position and velocity

[15,10]km; [—150,100]"m/s

Scan time T'; scans; process noise g,

1s; 100; 2m/s?

Initial covariance P,

diag(10%,10%,10%,10%) (Nguyen &
Dogancay, 2019)

Detection probability P 0.9 per channel

Clutter density p 0, 1075, 3x107%, 107* per
m-(m/s)-rad

Gates 4 standard deviations per channel;

g2 = 1847
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In each run, all strategies use the same target path and initial
estimate, and their noise and clutter come from random sequences
with the same seeds. Table 3 lists the strategies compared. In the
fixed strategies, the estimate and the waveform do not change; in
the random strategy, the waveforms are drawn at random at each
scan and the estimate is then selected.

Table 3. Strategies compared

Covaria Clutter

Strategy Tx  Waveform Estimate nce in cost
S1: one Tx, fixed 1 fixed y1 (Rx1, Rx2) (8) —
S2: one Tx, 1 selected selected ®) yes
adaptive (Khalifa &
Abousetta, 2025)
S3: one Tx, 1 selected selected 9 yes
adaptive, UT
S3'": one Tx, 1 selected selected ) no

adaptive, UT, cost
without clutter

S4: two Tx, fixed 2 fixed vy, (Rx1) ®) —
S5:two Tx, random 2 random selected ) yes
waveforms

S6: two Tx, 2 selected selected ®) yes
adaptive, first order

S7: two Tx, cost 2 selected selected ) no
without clutter

S8: two Tx, 2 selected selected 9 yes
proposed

S9: three Tx, 3 selected selected ) yes
proposed

S10: two Tx, 2 selected selected (y1—y3) ) yes
proposed without y4

S11: two Tx, UKF- 2 as S8 none UKF yes
PDA on raw

measurements

Strategy S2 extends the scheme of Khalifa and Abousetta (2025) to
all receiver pairs; without clutter, its factor g is the same for all
candidates and does not change the selection. A track is lost if the
target candidate falls outside the gates in more than four consecutive
scans in which the target was detected on both channels, following
Nguyen and Dogangay (2019). The root mean square error (RMSE)
is computed over the tracks that were not lost, and the percentage of

14 ISTJ — Volume 39-2 2 - 39 2aall - Al 5 o hell Al gall Alnall


http://www.doi.org/10.62341/istj-vol39-2-ra21

International Science and Volume 39 1) Ty el Tl Al

mtrraational heimers mad Terlasiags Jemraal

ﬁg‘;ﬁ;‘fiﬁi‘;‘;m‘ Part 2 sl I S TIJ %

Joint Waveform and Cartesian Estimate Selection for Multistatic
Target Tracking with Multiple Transmitters in Clutter
http://www.doi.org/10.62341/istj-vol39-2-ra21

lost tracks is given next to it (Nguyen & Dogancay, 2019). Two
strategies are compared by the change in pooled RMSE over the
runs that neither lost, with a 95% bootstrap interval from 5000
resamples (Efron & Tibshirani, 1993), and their losses by a two-
sided sign test.

Table 3 also lists two further strategies. S10 is S8 without y4. S11
uses the channels and waveforms chosen by S8 at each scan but
updates the track with an unscented Kalman filter and a
nonparametric PDA on the six raw measurements of the two
channels (Bar-Shalom et al., 2009; Julier & Uhlmann, 2004); each
pair of validated detections is one candidate, gated at the 99.9% chi-
square level with six degrees of freedom. S11 therefore relies on the
selection of S8, whose cost is computed for the Cartesian estimates,
and is not a complete alternative scheme. Because an RMSE over
the tracks kept favours strategies that lose more tracks, we also
report a cutoff error: the position error at each scan is limited to ¢ =
500 m, and the root mean square is taken over all runs, including the
lost ones. For one target, this is the OSPA distance of order 2 with
cutoff ¢ (Schuhmacher et al., 2008).

6. Results and Discussion
6.1 Without Clutter

Table 4 gives the results without clutter.

Table 4. Results without clutter (P, = 0.9, 200 runs). Position
RMSE with an approximate 95% interval

Position Velocity Lost Selection time
Strategy RMSE (m) RMSE (m/s) (%) (ms/scan)
S1 1553+ 6.4 10.12 0 —
S2 359+2.0 5.05 0 3.5
S3 35.6£2.0 5.17 0 4.2
S4 75.5+£3.0 5.65 0 —
S5 36.0£2.0 4.67 0 8.0
S6 36.6+19 4.98 10.5 10.5
S8 28.6 2.0 4.38 0 20.8
S9 28.1+2.0 4.27 0 36.5
S10 28.9+2.0 4.59 0 —
S11 253+2.1 3.25 0 —

Selection times of S10 and S11 are given in Section 6.1; they were measured in a separate
session.
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The adaptive selection with one transmitter (S2) reduces the position
RMSE of the fixed configuration from 155m to 35.9m. For one
transmitter, the first-order and UT covariances give practically the
same result (S2 and S3); their paired difference is —1.0% (interval
—2.1%1t0 —0.02%). S3’ and S7 are not listed because, without clutter,
their cost is the same as that of S3 and S8, and they give the same
results. With a second transmitter and the UT covariance (S8), the
position RMSE decreases to 28.6m and the velocity RMSE to
4.38m/s. Relative to S3, the paired change in position RMSE is
—19.6% (95% interval: —23.6% to —16.1%). Figure 4 shows that S2
and S3 behave almost identically, while the two-transmitter strategy
gives lower error until about 65s, when the target is still relatively
far from receivers 2 and 3.

Two further strategies separate the sources of this gain. Without y4
(S10), the position RMSE is 28.9 m, a change of —18.7% (—22.5%
to —15.2%) from S3, and adding y4 (S10 — S8) gives only —1.1%
(—1.8% to —0.5%) more, although the velocity RMSE falls from
4.59 to 4.38 m/s. Most of the gain therefore comes from the single-
transmitter estimates on the channels of the second transmitter. The
nonlinear baseline S11 reaches 25.3 m and 3.25 m/s, a change of
—11.4% (—17.4% to —4.9%) from S8. The Cartesian estimate keeps
four of the six measurements; the lost information is the price of a
linear update and of a selection cost in closed form. Measured in one
session on the same computer (40 runs), the update of S11 took 0.97
ms per scan against 0.80 ms for S8 without clutter, and 1.05 ms
against 0.85 ms at the highest density, so S11 costs about 0.2 ms
more per scan. The selection, which S11 shares with S8, took 29.1
ms per scan in this session (20.8 ms in Table 4, measured in an
earlier session) and 11.0 ms for S10, which has fewer candidates.
The selection therefore dominates the run time of all three, and all
are small next to the 1 s scan interval.
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Fig. 4. Position and velocity RMSE over time without clutter.

Using the first-order covariance with the same selection scheme
(S6) leads to a 10.5% track-loss rate and does not improve accuracy
over the one-transmitter case. The correct candidate also falls
outside the Cartesian gate more often, resulting in no update in
26.5% of the scans, compared with 19.1% for S8. This is consistent
with the underestimated covariance of y, discussed in Section 3.3:
S6 selects y, in about 70% of the scans, and S8 in only 32%.

The waveform choice matters as well. With random waveforms
(S5), the position RMSE is 36.0 m, and moving from S5 to S8
lowers it by 20.6% (95% interval: —24.6% to —17.1%). The fixed
two-transmitter configuration (S4) does much worse, with a position
RMSE of 75.5 m. A third transmitter (S9) changes the RMSE by
only —1.7% (—4.7% to 1.2%), which is not significant, while its
selection time rises from 20.8 ms to 36.5 ms per scan. Both times
are small next to the 1 s scan interval. The small gain is expected:
each scan still uses only two channels, and a third transmitter only
adds channel pairs to choose from (Section 1).

6.2 In Clutter

Table 5 and Figure 5 summarize the results in clutter. For S8, the
mean number of false detections in a channel gate is 0.10, 0.31 and
1.27 at the three densities, against 0.59, 2.06 and 12.70 for S1, which
loses 25.5% of its tracks at the highest density. Without the clutter
factor, this number rises from 1.27 to 3.67 with two transmitters and
from 2.79 to 6.66 with one.

17 ISTJ — Volume 39-2 2 - 39 2aall - Al 5 o hell Al gall Alnall


http://www.doi.org/10.62341/istj-vol39-2-ra21

International Science and Volume 39 1) Ty el Tl Al

mtrraational heimers mad Terlasiags Jemraal

e a2 regspE g 2

Joint Waveform and Cartesian Estimate Selection for Multistatic
Target Tracking with Multiple Transmitters in Clutter
http://www.doi.org/10.62341/istj-vol39-2-ra21

Table 5. Position RMSE (m) over the tracks kept, with the
percentage of lost tracks in brackets (200 runs)

Strategy p=10"° p=3x10"° p=10""*
S1 172.2 (9.0) 212.7 (7.5) 291.5 (25.5)
S2 483 (3.5) 61.9 (4.5) 95.5 (8.0)
S3 48.1(2.5) 62.0 (5.0) 104.7 (6.0)
S3' 56.9 (1.5) 75.5 (5.0) 131.3 (10.5)
S4 89.5 (2.5) 112.2 (10.5) 172.8 (36.5)
S5 45.6 (1.0) 58.3 (3.0) 85.9 (8.5)
S6 — 55.0 (10.0) —
S7 41.1 (2.5) 61.8 (4.0) 107.7 (10.0)
S8 37.9 (1.0) 54.4 (2.5) 77.7 (6.0)
S9 38.8 (0.5) 47.1 (5.0) 75.7 (6.0)
S10 38.2(1.0) 54.8 (2.0) 77.5 (5.5)
S11 33.2(1.0) 35.5(1.5) 54.2(2.5)
10.0
= 100 4 _
= L 751
Lg 80 -
x 2 5.0+
S 60 %
‘H O 2,54
g 401 =
0.0 4
(I) 1><1‘O’5 3x1I0’5 1><]I.O"’ 6 1><1‘0’5 3><1I0’5 1><1IO’“
clutter density p clutter density p
-@— S2: one Tx, adaptive S7: two Tx, cost without clutter -~ S9: three Tx, proposed

- S3: one Tx, adaptive, UT —&— S8: two Tx, proposed

Fig. 5. Position RMSE and percentage of lost tracks against the clutter
density.

Table 6 gives the paired comparisons. With 200 runs, the second
transmitter reduces the position RMSE by about 22% at the lowest
density and 30% at the highest; at the middle density the interval
includes zero. The clutter factor is clearly useful at the highest
density, where it reduces the RMSE by about 30% with two
transmitters and 21% with one; at the lowest density the q values of
the candidates are similar and its effect is smaller. Selected
waveforms are 15—-17% better than random ones at the lowest and
highest densities. At the middle density, S9 seems better than S8 in
Table 5 only because different lost runs are excluded (10 for S9 and
5 for S8); over the runs kept by both, S9 is 1.9% worse, which is not
18 ISTJ - Volume 39-2 2 - 39 22all - Ayl 5 o glall 430 5al) Alaall
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significant. S6, run only at the middle density, loses 10.0% of its
tracks, against 5.0% for S3.

In clutter, removing ys (S10) changes the position RMSE by less
than 1%, and all three intervals reach zero. S11 is more accurate
than S8 at every density, by 13.8%, 30.2% and 33.5%, and loses as
many or fewer tracks (1.0%, 1.5% and 2.5%, against 1.0%, 2.5%
and 6.0%; not significant). The gap grows with the density, possibly
because the six-dimensional gate uses both angles and rejects clutter
pairs more easily.

Table 6. Paired change in position RMSE (%) with 95% interval

(200 runs)
Comparison p=10"° p=3x10"5 p=10""*
S3 — S8 (second Tx)  —22.2(-29.6, —14.2(-30.8, —29.6(-40.7,
~14.1) 5.8) -15.5)
S3’ — S3 (clutter —14.3 (-24.6, -109(-21.8, —21.0(-36.1,
factor, one Tx) -1.4) 2.0) 24
S7 — S8 (clutter =7.0 (-19.9, —13.9 (327, —29.6 (-41.6,
factor, two Tx) 9.0) 9.9) -13.7)
S5 — S8 (selected —16.7 (-26.6, =7.1 (-25.0, —14.5 (254,
waveforms) =5.5) 12.1) -2.3)
S8 — S9 (third Tx) —0.4 (3.1, 1.9 (-3.6,9.6) 2.4 (44,
2.7) —0.7)
S10 — S8 (estimate y4) —0.7 (-1.8, -0.9 (2.5, 0.1 (-0.2,0.5)
0.4) 0.0)
S8 — S11 (UKF-PDA) —13.8(-18.1, —30.2(-40.2, —33.5(-39.8,
-9.6) ~18.6) ~26.7)

To resolve the middle density and the track losses, four strategies
were repeated with 1000 runs at p = 3 x 107> (Table 7). The
second transmitter reduces the position RMSE by 20.8% (—26.8%
to —14.3%); its losses, 2.4% against 3.3%, are not significantly
different (p = 0.24). The clutter factor reduces the RMSE by 16.6%
with two transmitters and by 17.4% with one, and with one
transmitter it also reduces the losses from 5.4% to 3.3% (p =
0.013); with two transmitters the reduction from 3.9% to 2.4% is at
the edge of significance (p = 0.063).
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Table 7. Results with 1000 runs at p = 3 x 1075

Position

RMSE Velocity Lost

Strategy (m) RMSE (m/s) (%)

One Tx, UT, cost without clutter 79.8 6.11 5.4

(83)

One Tx, UT, cost with clutter (S3) 67.1 5.80 33
Two Tx, cost without clutter (S7) 62.7 5.03 3.9
Two Tx, proposed (S8) 533 4.77 24

Table 8 gives the cutoff error, which includes all runs. S11 has the
lowest error at every density, and the gains of the proposed scheme
in clutter are smaller and less certain than in Table 6.

Table 8. Position error (m) with a cutoff of ¢ =500 m over all runs,
including the lost tracks (200 runs)

Strategy p=10"°5 p=3x10"5 p=10""
S1 187.3 209.4 294.2
S2 85.0 117.1 156.0
S3 81.5 110.0 140.6
S3’ 62.8 113.0 170.6
S4 104.9 160.8 282.3
S5 58.7 94.5 155.2
S6 — 80.5 —
S7 69.0 95.4 156.3
S8 43.1 83.0 123.6
S9 41.0 97.7 104.6
S10 43.3 77.5 118.3
S11 35.1 514 69.2

The second transmitter (S3 — S8) reduces the cutoff error by 47.1%
(—62.8% to —17.9%) at the lowest density, but the intervals include
zero at the middle and highest densities (—24.6%, —52.2% to 9.1%;
—12.1%, —32.4% to 11.2%), and also at the middle density with the
1000 runs of Table 7, where the change, —12.1% (—27.3% to 4.8%),
happens to equal the 200-run value at the highest density. With 1000
runs, the clutter factor reduces the cutoff error by 20.3% (—34.0% to
—4.2%) with two transmitters and by 24.0% (—33.9% to —13.0%)
with one. Some orderings change; at the lowest density, for
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example, S3’ has a lower cutoff error than S3 (change from S3' to
S3 29.7%, —19.4% to 98.1%, not significant).

Fig. 6 shows how often S8 selects each type of estimate. About
half of the scans use y; or y, with transmitter 2, and y, is selected
in about a third of the scans without clutter and a quarter in clutter.
The second transmitter therefore helps in two ways: through new
single-transmitter estimates on channels with higher SNR, and
through y,, which needs no angle. However, without y4 (S10) the
selection finds other estimates of almost the same quality, so its
frequent selection brings only a small gain.

- I R P
o S TN
0 20 40 60 80 10

share of scans (%)

clutter density p

0

mmm y,; or y; with Tx1 == y; (two angles)
==y, or y; with Tx2 ==y, (two transmitters)

Fig. 6. Share of the scans in which each type of estimate is selected by
the proposed strategy.

6.3 Effect of the Node Positions

The effect of the second transmitter location was evaluated on a 6 x
6 grid with a spacing of 8 km. One of the 36 cells lies within 2 km
of the target path and was not simulated (hatched in Fig. 7), which
leaves 35 positions. At p = 107>, 100 paired runs were used at each
position. The intervals are paired bootstrap intervals for the
transmitter map and bootstrap intervals of the pooled RMSE for the
receiver map. The benefit of the second transmitter depends strongly
on its location. The largest improvements, ranging from —18% to
—38%, occur near the beginning of the target path, at [6,6]", [14,6]",
[22,14]", and [22,22]" km. Of the 35 tested positions, 16 show a
significant improvement, but only 5 show a significant
improvement of 10% or more. In the western half of the map,
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changes are mostly between 0 and —5%. No position shows a large,
statistically significant deterioration. The largest increase, +14%
next to receiver 3, is not significant (—5.5% to +36%). The selection
can ignore a poorly placed transmitter, but only a well-placed one
helps.

-3% -5% -6% 7% -9% 1%
30 -
30
3% 5% 5% | -11% -18% 6%
22i= —
A B
S Rx2 i Tx2 of Sec. 6.1-6.2 5
2% +14% 7% 8% 10 E
° €
14 i ‘ 2
:‘cj | | target start 0 o
e -1% -6% 7% e
(=]
= g
--10 5
. o
-0% +0%, 1% -11% 5% +1% E
w2 Tx1 Rx1 —-20 ©
+0% -0% 1% 1% -0% +3% -30
_10 -
1 1 1 1 1 1
-10 -2 6 14 22 30

x (km)

Hatched cells: not simulated (within 2 km of the target path or of another node).

Fig. 7. Change in position RMSE when a second transmitter is added at
each cell (negative values are improvements). The axis ticks mark the
cell centres.

Fig. 8 shows the RMSE with one transmitter when the third receiver
is moved over the same grid. The RMSE ranges from 48.5m (44m
to 53m) for a receiver at [—2,14]"km to 108m (101m to 116m) at
[22,14]"km. The receiver position of Khalifa and Abousetta (2025),
[0,15]7km, lies in the best region. Moving a single receiver
therefore changes the error by more than a factor of two, which
motivates treating the receiver positions as a design variable, as in
Liang et al. (2021) and Khalifa and Abousetta (2026).
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Fig. 8. Position RMSE with one transmitter for each position of the third
receiver. The axis ticks mark the cell centres.

As a further check, the comparison of S3 and S8 was repeated on a
second path, with initial velocity [—150, —100]"m/s as in Nguyen
and Dogangay (2019), limited to 60s because the target reaches
transmitter 1 at 100s. The second transmitter reduced the position
RMSE by 18.3% (—22.3% to —14.6%) without clutter and by 21.4%
(—31.1%t0 —9.8%) at p = 3 X 107>, close to the values on the main
path.

6.4 Limitations

This study has several limitations. It uses two-dimensional simulation with a
single target; the node positions are known, the nodes are synchronized, and the
waveforms of different transmitters do not interfere. Clutter is uniform and
independent from scan to scan, and the detection probability is constant. The
selection looks one scan ahead, the clutter factor of an estimate is the product of
its channel factors, and candidates that share a detection are treated as
independent. The thresholds and gates were chosen by trial, although Section 3.3
shows that moderate changes of the thresholds have little effect. Each scan uses
two channels, and the Cartesian estimate keeps four of their six measurements,
which costs accuracy against a nonlinear filter on the raw measurements. With
one receiver configuration and two target paths, the results show the size and
direction of the effects rather than general performance values.
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7. Conclusions

This paper extended joint waveform and Cartesian estimate
selection to several transmitters and to tracking in clutter, with a new
two-transmitter estimate, its UT covariance, a nonparametric PDA
filter and a clutter factor in the selection cost.

The simulations show that adding a second transmitter clearly
improves tracking accuracy. Without clutter, the position RMSE
decreased by about 20%. In clutter, over the tracks kept, the
reduction was about 22% and 30% at the lowest and highest
densities (200 runs) and 21% at the middle density (1000 runs);
when lost tracks are counted through the cutoff error, the reduction
remains clear only at the lowest density. Most of the gain comes
from the single-transmitter estimates on the channels of the second
transmitter; the new estimate ys is often selected but adds only about
1% in position and 5% in velocity. The gains depended on using the
UT covariance: with the first-order covariance, 10.5% of the tracks
were lost. Accounting for clutter in the selection cost reduced the
position RMSE by up to 30% and reduced track losses in the one-
transmitter case. A third transmitter added little, because each scan
still uses two channels. An unscented PDA filter on the raw
measurements of the same two channels, chosen by the proposed
selection, was 11% to 34% more accurate than the proposed scheme.
Since both use the same channels, the Cartesian approach saves no
communication relative to this filter; its advantages are the linear
update and a selection cost in closed form, on which the filter itself
relies, not the highest accuracy. Geometry also matters strongly: the
benefit of the second transmitter changed with its location, and
moving one receiver changed the error by more than a factor of two.
Future work will examine selection costs for nonlinear filters, joint
waveform and node-position selection, multiple targets, and three-
dimensional tracking.
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